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Abstract 



We discuss the relation between the Gell-Mann-Low beta function and the 
"flowing couplings" of the Wilsonian action S'a[0] of the exact renormalization 
group (RG) at the scale A. This relation involves the ultraviolet region of A 
so that the condition of renormalizability is equivalent to the Callan-Symanzik 
equation. As an illustration, by using the exact RG formulation, we compute 
the beta function in Yang-Mills theory to one loop (and to two loops for the 
scalar case). We also study the infrared (IR) renormalons. This formulation 
is particularly suited for this study since: i) A plays the role of a IR cutoff in 
Feynman diagrams and non-perturbative effects could be generated as soon as 
A becomes small; ii) by a systematical resummation of higher order corrections 
the Wilsonian flowing couplings enter directly into the Feynman diagrams with 
a scale given by the internal loop momenta; Hi) these couplings tend to the 
running coupling at high frequency, they differ at low frequency and remain 
finite all the way down to zero frequency. 
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1 Introduction 



In renormalization group (RG) there are two different ways to introduce a momentum 
scale. The first leads to the Gell-Mann-Low beta function and Callan-Symanzik equation, 
the second to the exact Wilson RG flow. In the first formulation one introduces the scale 
/i at which the coupling g, mass and wave function normalization are measured or fixed. 
The fact that physical quantities do not depend on the scale fi leads to the Gell-Mann-Low 
beta function and the Callan-Symanzik equation. In this formulation one does not usually 
attribute any meaning to the bare action. In the Wilson RG formulation [|I| instead the 
starting point is the local bare action >S'ao[0] in which the fields have frequencies smaller 
than the ultraviolet (UV) scale Aq. The UV action can be viewed as the result of taking 
a more elementary theory and integrating all fields with frequencies larger than Aq. This 
gives the coefficients of >S'a(j[</)] such as the wave function normalizations Zj(Ao) and the 
parameters pj(Ao). By further integrating the fields with frequence larger than A < Aq 
one obtains a new action S'a[0] which is not any more local. This Wilsonian action, and 
in particular the coefficients Pi{A) and Zi{A) of its local part, the "relevant parameters", 
depends on A according to the exact RG equation IQ-Q]. The physical observables are 
obtained by performing the path integration over all fields with momenta in the full range 

< < Ag. Therefore for A = (and Aq oo) the Wilsonian action generates the 
physical Green functions. In particular for the wave function normalization one has Zi{0) = 

1 and the parameters pi{0) are given by the masses and physical coupling g (at the scale 
/.). 

In this paper we establish the relation between the two RG formulations. We analyze, 
as examples, the cases of the massless scalar and the SU{2) Yang-Mills theories. To stress 
the difference on the way the scale is introduced, hereafter we shall call /i-RG and A-RG 
the first and the second formulation. 

First we deduce the Gell-Mann-Low beta function in terms of the derivative of the 
relevant parameters Pi{A) and Zi{A) of the Wilsonian action. Since RG is related to 
the UV properties, as expected, this relation involves the UV region of A. Although all 
perturbative contributions to the relevant parameters diverge logarithmically for large A, in 
the combination giving the beta function all divergences cancelQ It is interesting to observe 
that in the Yang- Mills case the UV action in general does not satisfy the BRS symmetry and 
then it could be surprising that the beta function is given in terms of the UV parameters. 
However one should observe that these UV parameters depend on g and /x/Aq in such a way 
that the physical effective action (A = and Aq —>■ oo) satisfies Slavnov- Taylor identities 
ii- 

As a second point concerning the relation between /i-RG and A-RG formulations we 
show that the Callan-Symanzik equation is equivalent to the condition that the theory is 
renormalizable, i.e. physical vertices do not depend on the UV scale as Aq oo. This is a 
special case of the A-RG equation which is based on the fact that the physical vertices are 
obtained from the Wilsonian action S'a[0] independently of the value of A. 

^ In Ref. 1^ the beta functional has been obtained to one-loop order in terms of the relevant parameters 
of the A-RG formulation. 
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As a third point we apply the A-RG formulation to the study of infrared (IR) renor- 
malons ^ in non-Abelian gauge theory (and triviality in the scalar theory). IR renormalons 
could be related to the fact that in a Feynman diagram with a virtual momentum k there 
are higher order corrections which reconstruct the running coupling g{k) at the scale k. 
Then the momentum integration involves small values of k"^ where the perturbative run- 
ning coupling becomes ambiguous and one must include non-perturbative corrections to 
avoid the IR Landau pole. Although in non-Abelian theories there are various indications 
supporting this higher order resummations leading to g{k) (non-Abelianization P| and dis- 
persive methods 0), no systematic proof of this is known. The A-RG formulation provides 
a suitable framework in which one can reconstruct the running coupling at large loop mo- 
menta and one can study the IR region in Feynman diagrams. The natural couplings in 
A-RG are the Wilsonian flowing couplings gi{A) given by the relevant parameters Pi(A) 
rescaled by the appropriate wave functions Zj{A). In the Yang-Mills case there are three 
Wilsonian couplings ^i(A), the relevant coefficients of the three interacting monomials in 
the classical action (in the scalar case one has a single ^(A)). 

We show that it is possible to set up an iterative procedure to solve the A-RG equations 
in such a way that one generates contributions of Feynman diagrams in which the loop 
momenta fcj are ordered in virtuality [kf < ■ ■ ■ kj) and in which the integrands involve the 
flowing couplings gi{kj) at these momentum scales. The flowing couplings themselves can 
be obtained by a generalized beta function which can be computed as an expansion in the 
Wilsonian coupling itself. We explicitly compare the Wilsonian and the running couplings 
in the one-loop resummation. 

At large scales the running g{k) and the Wilsonian gi{k) couplings differ only by n/k 
power corrections. Therefore increasing k all couplings vanish in the Yang- Mills case, while 
in the scalar case they grow and become singular at the UV Landau pole fc/^ ~ /i exp{l/bQg) 
with 60 the (positive) one-loop coefficient of the beta function. Therefore also within this 
A-RG analysis one finds the property of triviality. 

For a k comparable to fi the Wilsonian couplings differ from the running coupling. In 
the non-Abelian case the one-loop running coupling g{k) diverges at the IR Landau pole 
and the integration over the small k region become meaningless. In the A-RG formulation 
instead the Wilsonian couplings gi{k) remain finite in all the range of k and at k = one 
has gi{0) = g. Therefore the integration over k is now possible. 

In the A-RG formulation A plays the role of an IR cutoff in Feynman diagrams. So, as 
long as A is much larger than ^ one can use the perturbative expressions for the various 
flowing couphngs gi{ki) ~ g{ki). The Landau singularity is cutoff by the IR scale A so 
that non perturbative contributions are negligible and of order yu/A. For A approaching 
the physical point A = one has that the various flowing couplings gi{ki) depart from the 
running coupling and power corrections resum to make the flowing couplings flnite. 

The paper is organized as follows. The details of our analysis are presented in Sect. 2 
in the case of the massless scalar theory. In Sect. 3 we generalize this analysis to the Yang- 
Mills theory. Sect. 4 contains some conclusions. In the Appendix we recall the form of the 
A-RG equations for the scalar case and describe how the usual loop expansion is obtained. 
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2 Massless scalar case 



We illustrate in this case the main elements of the analysis. Some results are general and 
it is easier to illustrate them in the scalar case. We start by recalling the needed elements 
of A-RG and then we deduce in this formulation the beta function and compute the two- 
loop contribution. Then we introduce the improved perturbation expansion in terms of the 
flowing coupling and compare it with the usual running coupling. All these points will be 
reanalyzed in the Yang-Mills case in the next section. 

2.1 Summary of A-RG formulation 

We recall the A-RG formulation by taking as example the euclidean (f)^ massless scalar 
theory in four dimension. One starts from the action at an UV scale Aq larger than any 
physical scale in the theory 

^Ao[0] = / rf'x [-Z^^S^ + Al m + ^ . (1) 

All fields in the path integrals have frequencies smaller than Aq. Thus in Feynman diagrams 
all internal Euclidean momenta are bounded by < Aq. The UV parameters pf^ are 
dimensionless. All other possible field monomials have coefficients which are suppressed by 
inverse powers of Aq since they have negative dimension and here they are neglected for 
simplicity. Perturbatively this theory is renormalizable so that the UV parameters can be 
made dependent on Aq in such a way that observables at the physical scales are independent 
of Aq for Aq oo. 

The dependence of the UV action on Aq can be generalized to smaller values of the 
scale. Such a generalization, which is the basis for the A-RG formulation IQ , is obtained by 
performing the path integrations over the fields with frequencies between Aq and A < Aq. 
This gives the Wilsonian action 5'a[0] in which the coefficients of the various field monomials 
depend on A. Of course this action is not any more local. 

An equivalent way to obtain the Wilsonian action follows from the observation that 
5'a[0] generates Green functions in which the propagators have both the UV and an IR 
cutoff A 

DaAo{p) = ^2 ' (2) 

with Kx\^{p) = 1 in the region < < Aq and rapidly vanishing outside. From this 
property one deduces |jl|, the RG evolution equation for the Wilsonian action 

A5..-'*'^./Aa.Z>»..(,)^^^e-*). ^./|^. (3) 

For our study it is convenient to perform the Legendre transform of the Wilsonian action 
S'a[0] and introduce the "cutoff effective action" r[0; A, Aq] generating the "cutoff vertices" 
^2n{pi,- ■ ■ ,P2n]A,Ao). The RG equations for these vertices, corresponding to (0), are 
schematically given in fig. 1 and they are recalled with the proper details in the Appendix 
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Figure 1: Graphical representation of the A-RG equations for the two point (a) and 2n-point 
(6) vertex functions. The black dot represents the full propagator; open circles represent vertex 
functions with the IR cutoff A; crosses represent the derivative with respect to A of the free cutoff 
propagator and vertices. Integration over q in the loop is understood. 



(see [|I0|-|]T2|). The RG equations have to be supplemented by boundary conditions at 
some values of A. To discuss them one observes that at the UV scale A = Aq the Wilsonian 
or cutoff effective action r[0; A, Aq] reduces to the UV action (|lD 

r[0;Ao,Ao] = SAj0]. (4) 

Moreover, when the IR and UV cutoff are removed (A = and Aq oo) and the UV 
parameters pf^ have the proper dependence on Aq, the cutoff vertices r2n({pj}; A, Aq) 
become the physical vertices T2n(y{Pi}) 

T2ni{p^})=T2ni{Pi}■,A = 0,Oo). (5) 

The boundary conditions for the RG evolution equations are therefore given by the require- 
ment of locality i.e. by giving the values of the "relevant" UV parameters pf^ in (|l|) 
and by requiring that all parts of vertices with negative dimension vanish. Without know- 
ing the elementary theory at distances shorter than I/Aq, the UV parameters pf^ must be 
obtained from measurement at low scale. To define this procedure one has to introduce in 
general, for any A, the relevant parameters together with their irrelevant parts. 

Relevant parameters, subtraction point and physical couplings. In the four dimensional 
massless scalar (f)'^ theory the two and four-point vertices r2 and r4 have non-negative mass 
dimensions and one has three relevant parameters defined, for instance, as follows 

T2{p;A,Ao) = Dxlip)+p'iZiA)-l) + AVi(A) + A2(p;A,Ao), 

r4(Pl,P2,P3,P4; A, Ao) = P2(A) + A4(pi,p2,P3,P4; A, Ao) , 

with the conditions 

A2(0;A,Ao) = = , A^{p,,p2,P3,P^; A, Aq) = , (7) 

where p is some subtraction scale and pi is the symmetric point pipj = p'^{6ij — |). At the 
physical point, from one has 

Z(0) = 1, AV(A)|a=o = 0, P2{0)=g, (8) 
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for large Aq. These conditions set the field normalization, the mass equal to zero and the 
coupling at p. 

The relevant parameters at the physical point A = are related by the A-RG equations 
to the UV parameters ^. Therefore as boundary conditions one can take for the relevant 
parameters the physical values (H) and the vanishing of the irrelevant vertices at the UV 
point (locality condition (^)). In Appendix we recall how the loop expansion can be gen- 
erated from the RG equations for the cutoff vertices r2n({Pi}; A, Aq) with these boundary 
conditions. 



For the relevant parameters Pi(A) and Z{A) we have explicitly written only the A 
dependence. However, from their definition in (^ they are dimensionless functions of A, 
Aq and p. One should write Pi(A) = pj((7, p/A, p/Ao) and Z{A) = Z{g, fi/ A, fi/ Aq). In 
perturbation theory one can take the limit Aq — > oo and all physical vertices become Aq 
independent. This implies that one has for large Aq 



p,(A) = pi(^,p/A,p/Ao) = pi{g,fi/ A,0) + C»(p/Ao) 



(9) 



and similarly for Z{A). This allows one to simplify the perturbative analysis by putting 
Aq — > oo from the beginning (see ref. |]lOl)- However, in the scalar 0^ theory, non- 



perturbative triviality allows one to take this limit only for vanishing g. 



2.2 Relation between A-RG and /i-RG 



As well known renormalization is related to the UV property of the theory. One should then 
expect that p-RG , which corresponds to the requirement that the physical observables do 
not depend on the specific value of p, is related to A-RG for A in the UV region. Actually, 
as we will show, p-RG corresponds to renormalizability, i.e. the independence of physical 
vertices on the UV cutoff Aq for large Aq. The discussion on this point will be then in the 
framework of perturbation theory. 

From (1) for A approaching the UV point Aq the cutoff effective action r[0;A,Ao] 
becomes the local UV action (0) and one can write 

r[0;Ao,Ao] = 5Aj0]= /ciV|i0UV(^) [-92 + Ag pH + ^(^''''l^))'} , 

, ^uv „uv 



(10) 



The UV parameters are given by 

puv = p,(^,p/A,p/Ao)|a=Ao , Z"""" = Z((?,p/A,p/Ao)|a=Ao ■ (h 



Consider now the physical vertices r2„({pi}, (7, p) obtained from this UV action. The 
rescaling of the fields in ( |lOl) allows one to explicitly factorize the dependence on Z^^ 



r2n(te},^7,/i) = ^2ni{P^},Pr,Pr:^0) • (12) 
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These UV vertices T^^ are obtained from ([T0| ) by Feynman rules with internal propagators 
of momentum q with the UV cutoff q"^ < Aq. The various Feynman diagram contributions 

UV 
2n 



to contain logarithmic divergent powers of 



with P a combination of external momenta. The two point vertex contains also quadrat- 
ically divergent mass terms proportional to Aq. Renormalizability ensures that (pertur- 
batively) all these Aq divergences are cancelled by the divergent contributions in the UV 
parameters pf^ and so that for large Aq the vertex functions are independent of Aq. 
This fact is expressed by the equation 



opi op2 

(14) 

valid for large Aq oo, i.e. the corrections are of order p/Aq. Here Sa,, is the explicit 
derivative with respect to Aq in (p!^). 

To relate this equation to the p-RG equation one needs to analyse the p dependence of 
the vertices and then of the UV parameters. The key observation is that, for Aq — oo, the 
complete p dependence in ( ]T2| ) is contained only in the factor (Z'^^)". This is due to the 
fact that the physical vertices T2n{{Pi}, g' , p') with coupling g' at a scale p' are related to 
the ones with coupling g at phj the relation 

r2n(te}, g', p') = z-^ r2„(te}, g,p), z = z{g, p'/p) = zuv/z'uv , (15) 

with Z'^^ given in ([Tl|) as a function of g' and p'. Therefore the UV parameters p^^ and 
become independent of p for Aq — >■ oo. In this limit one obtains the following relation 
between beta function and UV parameters 

(3{g) = pd^g = = . (16) 

'^g P2 '^g Pi 

For the field anomalous dimension one has 

= -\p'd,, \nz{g,p'/p)\,,=, = -^[A^Oa, - Pig)d,] InZ^v. (17) 

Notice that the UV parameters are logarithmically divergent for Aq — > 00, but (perturba- 
tive) renormalizability ensures that, in this limit, f3{g) and 'y^{g) are finite and dependent 
only on g. 

It is easy to show that the renormalizability condition (|1^) is equivalent to the p-KG 
equation. From (0) and ([17D we can write ([T^ ) in the form (Aq — > 00) 



Ao^Ao + Pig) Up^g^ + ^pT^ + dgZ^'^olvv) - ^^^M 



^2n{{Pi},g,p) 



= [AoOao + f3{g)dg - 2n-^^{g)] T2n{{Pi}, g,p) = 0. 

(18) 

From (|1^) we see the explicit logarithmic Aq dependence is the same as the explicit p 
dependence, thus AqSaq is equivalent to pd^ and one recovers the usual p-RG equation. 
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The fact that the theory is (perturbatively) renormahzable ensures that the Aq depen- 
dence of the relevant parameters vanishes for Aq — >■ cxd (see (|^)). This implies that we can 
introduce the relevant parameters pi{g, p/ A, fi/ Aq) directly for Aq — > oo. From now on we 
shall use 

p,(A) = p,{g, /i/A, 0) , Z{A) = Z{g, p/A, 0) , 

so that the beta function in eq. (|1^) can be expressed in terms of these functions for large 
A, i.e. p/A—>-0. For the beta function and the anomalous dimension one has 



AdApi 




AdAp2 




_ dgPl 


n/A=0 


_dgP2 _ 


m/a=o 



7<a(^) = -hl^^A - P{g)dg] \nZ\^/A=o , 

with p2 = P2/Z'^ and pi = Pi/Z. The parameters pi have logarithmic divergent contribu- 
tions for /i/A — s> and only the ratios in (|T9|) are finite. The relation ([T9|) between the 
beta function and the parameters p2 was obtained in Ref. to one-loop order where the 
denominator dgP2 can be ignored. As we shall see at two loops the denominator is essential 
to obtain a finite result for /i/A 0. 

In the following we shall focus our attention on p2 which will be called the "Wilsonian 
flowing coupling", ^(A) = P2(A). We show now that for large A this coupling becomes 
equivalent to a running coupling at the momentum scale /c^ = A^ ^ /i^. This is a conse- 
quence of the fact that for large A this coupling becomes independent of p so that one can 
write 

giA)^P2ig,p/A) = Gigip),p/A) (1 + 0(/i/A)) , 

where the function G does not depend on p. This means that, apart for power corrections, 
the p dependence in g{p) is completely cancelled by the explicit /i/A dependence. We then 
can write 

^(A) = G{g{A), 1) (1 + 0{p/A)) , G{g{A), 1) = g{A) + 0{g\A)) , (20) 
so that G{g{A), 1) itself is a possible running coupling at the scale A. 



2.3 Beta function at two loops by A-RG 

To illustrate in some details the A-RG formulation we compute the two loop beta function 
and anomalous dimension using (|T9|) with p2- We have to compute the behaviour for 
/i/A —> of the perturbative coefficients of p2 and Z 

oo oo 

P2ig,p/A) = g + Y: g'^' WA) , Z{g,p/A) = 1 + E / Z^'Kp/A) . (21) 
e=i 1=2 

The corrections to Z start from two loops since the one-loop self energy does not depend 
on the momentum. The first two coefficients of the beta function 

M = bog' + hg^ + ■■■ (22) 
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Figure 2: Feynman diagram contributing to Z(^)(A). 



P2 Im=o 



are given by (see (]T9|)) 

60 = P?V=o , &i = (P?^ - 2p5'V2'^ - 2^(') )U=o , A(A) = A5APi(A) . (23) 

As we shall see, in the expression for bi the divergence contribution in p2 is cancelled 
by the divergent contribution —'2.p2^P2 \ which is coming from dgP2 in the denominator of 

m- 

At one loop the relevant parameters are obtained from fig. 1 with the vertices at tree 
level. The momentum dependence of the self energy vanishes (Z*-^-* = 0). Neglecting the 
subtraction point one finds 

Notice that since p2^\iJi/ K) is a constant for /i/A = 0, p2'\p/ A.) diverges logarithmically as 
ln;u/A. 

The two-loop coupling Z*^^^(/i/A) is obtained from fig. la by taking the four point 
function at one-loop (to this order self energy corrections in internal propagators do not 
contribute). Neglecting the subtraction point /i one has (see fig. 2) 

6JqJq' [ q^q'^iq + q' + p)^ J 6 

These integrals are easily done by neglecting one of the cutoff function. The remaining 
contribution gives a constant which vanishes when the A-derivative is taken. 

(2) 

The two- loop coupling p2 (p/A) is obtained from the diagrams of fig. 3a, in which the 
internal vertices are at one loop, and of fig. 3b. The first contribution is 



3 -(2) I _ 3 
9 P2aIm=o — ~2 



Tliq,0,0,-q;A) Adj, 



ri(g;A) 

J one loop 



(26) 



We have to consider the three contributions p^i\A), p2^'*(A) and A^^\q, 0, 0, —q; A) coming 
from the one-loop corrections to the two- and four-point functions. 

The contribution from p[^^(A) is zero. This is due to the fact that, before taking the A 
derivative, the integral is convergent, dimensionless and then its result is a constant in A. 

The contribution from p2^^(A) is 

pS-U^o = -3 I AS., = 2 4" . (27) 



Figure 3: (a) Graphical representation of the contribution to f)2 (see the second term of (|5q)). 
{h) Feynman diagram contributing to p^^ (see the first term of (|5^)). 



As anticipated, this contribution is cancelled by the term —2 p2^'* pg^^ in the combination 
(^) which is coming from the denominator dgP2- 

The contribution from A4^''(g, 0, 0, — g; A) is 

'KMV f KA{q') fKAiq + q') i^A(g')\ 

'<? \ q^ J 



P2A"U=0 = 3 / A 9a 




q'^ \ (g + q'Y q'^ 
K^iq') (i^A(g + g')-l) 



(2^ 



V q'^iq + q'r 

where the equality of the two integrals can be shown by performing the angular integration. 
Finally the contribution from the diagram of fig. 3b is 



P?iU=o = 3/,(^) / 



KA{q')Y f KA{q)KA{q + q') 



q' \ g'2 J Jq q'^{q + q'y 

It is easy to compute this integral if one of the cutoff functions inside the second integral 
is neglected 

p^^|^=o = 3 / ( — ^ / AdA , ,^o = -6r • (29) 



<?' \ q''^ J Jq q^{q + q' 

The remaining term cancels exactly the contribution (^Sf ). 

In conclusion the only non-cancelling contributions to the two loops beta function and 
anomalous dimension are given by (^5]) and (^) and one finds 

&l = -yr^ lf{g) = ^/r\ (30) 

The evaluations given above are obtained essentially by using a theta function for the cutoff 
function, but the results do not depend on this specific assumption and depend essentially 

^ In Ref. fl^ an approximate perturbative calculation of the beta function has been obtained using a 
momentum expansion and a truncation of the RG equations which omits the contribution of the six point 
vertex. 
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on dimensional counting of convergent integrals. This is due to the fact that one takes the 
limit A — >■ cxD (a smooth representation of the theta function gives corrections vanishing as 
inverse powers of A) . 



2.4 Flowing coupling and resummation 

As recalled in the Introduction, it is usually assumed that in a Feynman diagram with a 
virtual loop of momentum k higher order corrections reconstruct the running coupling g{k) 
at that momentum scale. We want here to show that the A-RG formulation may provide 
a simple framework in which one can study this resummation. 

As we have seen in the previous subsections (see also the Appendix) the usual pertur- 
bative expansion is obtained by solving iteratively the A-RG evolution equations with the 
initial condition that at zero loop the only non vanishing vertices are rf\pi ■ ■ ■p4^; A) = g 
and rf\p]A) = -DaaqI^*)- iterating the A-RG equations £ times one generates con- 
tributions of Feynman diagrams at i loops in which the loop momenta ki are ordered in 
virtuality h? < k\ < ■ ■ ■ < kf. The complete Feynman diagrams at that loop are obtained 
by summing all orderings. This ordering is due to the fact that A is an IR cutoff A^ < k\ 
and then in the next iteration k\ plays the role of an IR cutoff. 

It is possible to formulate an improved iterative procedure in which one introduces the 
Wilsonian flowing couplings g{ki) at the scale ki of the successive momenta generated by 
the iteration. This improved perturbative expansion consists in solving the A-RG equations 
as for the usual perturbative expansion with the only difference that at zero loop the four 
point function is given by the flowing coupling 

Tf{p,...p,-k)=g{K). (31) 

The flowing coupling will be obtained later by a generalized beta function computed as an 
expansion in the Wilsonian coupling itself. 



From (^) one starts the iteration by computing to the next loop the irrelevant part 
of the vertices and the two relevant parameters Z{K) and pi(A) as function of the flowing 
coupling. After iterating this procedure £ times, the vertices are given in terms of flowing 
couplings g{ki) at the scale k^ of the successive momenta generated by the iteration. 

From the vertices obtained after £ iterations one computes the generalized beta function 

B[g-K]^Kd^g{k) = -2^m + \ I Z-'{A) I,{q,p^- ■ ■p,,-q;A) Ad^—^ (32) 

Z ^ Jn io a;A 



The vertex Jg is deflned in the Appendix in terms of the two- four- and six-point cutoff 
vertices. Solving ( p^ ) with the boundary condition ^(0) = g, one computes ^(A) as a partial 
resummation of perturbative expansion. Notice that B[g\K\ is a functional of the flowing 
coupling g{k;i) and the scale A. This has to be contrasted with I3{g) which is a function of 
9- 

To illustrate the procedure we compute the flowing coupling to one-loop order (similar 



approximation has been considered for large A in Ref. [13|). This is obtained by taking the 
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vertices in the integrand of (|3^ ) to zero-loop 

lP{q,Pi ■■■P4, -q; A) = -2g\A) [/^aao(Qi2) + Daa,{Qi3) + Daa,{Qu)] , (33) 

where Qij = q + Pi + Pj- The equation for Z(A) gives to this order Z^^\A) = and one 
obtains 

5«[^;A] = 6o ^'(A) /(/i/A) , 
where bo is the one-loop coefficient of the beta function and 

f(,/A) = -8.- 1 A3, "^^f^^ =^-iK + g(^VA') ■ A-oo. (34) 

For A — i> this function vanishes and one finds /(/x/A) = 2(A//i)^ + (9(A//i)^. 

To this order g{fi/A) is obtained by solving 

A9a^(A) = bo g\A) fifi/A) , ^(0) = g . (35) 

As expected, since /(/i/A) ^ 1 for large A, the fiowing and running coupling become the 
same for large A 

^(A) = f (i + 0{^)) , (36) 

1-bogHA/fio) V 'AV ^ ^ 

where /iq — /i. For smaller A the two couplings differ: ^(0) = g while g{^) = g and 
g{k) ^ for A; ^ 0. 

The physical vertices are obtained by integrating the virtualities between A = and 
Aq. The presence of the Landau pole at fc^ ~ fxe^^'"'^ implies that the UV cutoff cannot 
be removed in this case, although the theory is perturbatively renormalizable. This corre- 
sponds to the property of triviality of the scalar theory, entailing that the limit Aq — oo is 
possible only if the coupling g vanishes. 



3 Yang- Mills case 



We show that the previous connection between /i-RG and A-RG formulations can be es- 
tablished also for Yang-Mills theory and we shall compute as an example the one-loop beta 
function. We recall that the A-RG for this theory is consistent with the BRS symmetry 
|l^ provided the boundary conditions at the physical point A = and A — >• cx) are prop- 
erly chosen 0, || (see also [0). We then consider the iterative solution in terms of the 
Wilsonian couplings. 



3.1 Summary of A-RG formulation 

Consider as an example the SU{2) Yang-Mills theory in which = (A^, c", c"') are the 
vector and the ghost fields and 7 = (m^, f ") the sources for composite operators associated 
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to the BRS variations of A^, and respectively. The BRS classical action, in the Feynman 
gauge, is 

^BRS = Jd'x{^-\F'^,-^id,A,r + W,-D,c-^vcAcY (37) 

with F^j, = df^Ai, - di^Af, + gA^ A Ay, D^c = d^c + gA^ /\c,W^ = d^c + u^/g and we have 
introduced the usual scalar and external SU{2) products. 

In the A-RG formulation one introduces the cutoff effective action r[0, 7;A,Ao] by 
using propagators with IR and UV cutoff at A and Aq respectively and one deduces the 
RG equation similar to (^. Then one has to fix the boundary conditions. First of all one 
assumes that at the UV point A = Aq the cutoff effective action becomes local. Then one 
has to fix the relevant parameters of r[0, 7; A,Ao], i.e. the coefficients of all independent 
fields monomials which have dimension not larger than four and are Lorentz and SU{2) 
scalars. There are nine relevant parameters. Two are the wave function constants Za{A) 
and Zc{A) for the vector and ghost fields respectively which are the coefficients of the 
monomials 

'^A,,{g^,d^ - d^d,) ■ A, , W^-d^c. 

The remaining parameters Pi{A) with i = 1 ■ ■ ■ 7 can be taken as the coefficients of the 
following seven monomials 

■ ^fj. ) ~^{dfj,A^Y ; (duA^) ■ Afj_ A A,^ , 

W^-A^Ac, ^{A^ A A^) ■ {A^ A A^) , ^(A^-A^)^, -^vcAc, 

respectively. Notice that some of these monomials are not present in the classical action 
(^). As in the scalar case (see (§),(^) these nine parameters are given in terms of vertex 
functions evaluated at the subtraction points at the scale /x. 

At the physical point A = and Aq ^ 00 the effective action r[0, 7; 0, 00] satisfies the 
BRS symmetry. As shown in Refs. 0, ^ this symmetry is ensured if one properly fixes 
the relevant parameters defined at a given subtraction point /i as boundary conditions at 
A = 0. Taking the relevant part of the effective action, i.e. the part which contains only 
the relevant parameters, one has 

rrei[0,7;O,oo] = 5BRS + ^ / d'xl^^{A^AA,)-{A,AA^) + ^{A^-A^f-^XrVcAcY (38) 

where the three parameters Xi are given in terms of irrelevant vertices evaluated at the 
subtraction points (see @]). Therefore as boundary conditions at the physical point A = 
and Aq — 00 one assumes 

Za{0) = 1, ^c(0) = 1, Pi(0)=0, P2(0) = 1, P3{0)=g, PA{0) = g, 

PbiO) = g"^ + hx5 , pQ{0) = hxQ, p7{0) = l + hx7. 

With these conditions the A-RG equation can be solved by expanding in h and one obtains 
the usual perturbative expansion for the vertex functions which satisfy the Slavnov- Taylor 
identities. 
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3.2 Beta function in the A-RG formulation 



As in the scalar case we consider the cutoff effective action at the UV point. For A = Aq 
the functional r[0, 7; A, Aq] becomes local and equal to the UV action S\g[(f), 7]. As in (p!T|) 
we introduce the UV wave function constants and UV couplings 

= Zi{g,fi/ A, fi/Ao)\A=Ao , p^^ = pi(^,/i/A,/i/Ao)|A=Ao . 

Rescaling the fields, the UV action is given by 

r[0,7; Ao,Ao] = ^Ao[0,7] 



(39) 



where 

= ^A,, W^^ c^^ = Z]^^ W, c . (40) 

The UV parameters p^^ are obtained as in (|10]) by the usual rescaling. For instance one 
has 

P3 - Ps l^A ) ' P4 - P4 l^c ) K^A ) ' Ps - P5 l^A J • 

The BRS source is rescaled with no other effect. In the following we consider only 
vertex functions involving the vector and ghost fields and neglect the v^^ source. 

The beta function and the field anomalous dimensions are obtained as in the scalar 
case. After factorizing the UV wave functions (see (0)) the vertices depend only on the 
six UV parameters ^ with i = 1, ■ ■ ■ 6. Since the p dependence is in the factorized wave 
function Z}^^ one deduces that the six UV rescaled parameters pf^ do not depend on 
the subtraction point. Then one finds the relation between the beta function and the UV 
parameters at Aq ^ cxd 

dg ^ AodMpr 
dlnp dgp\ 

Similarly for the field anomalous dimensions one has 

^i{g) = -i[Ao9A„ - (3{g)dg] ^^Z}^"" ■ (42) 

Due to renormalizability the relevant parameters pi{g, p/A, p/Ao) and Zi{g, p/A, p/Aq) are 
finite for Aq — >■ 00. Moreover they diverge for A//i — > 00. Therefore, as in the scalar case, 
in ( |H| ) one can use the parameters pi{g, p/A,0) and Zi{g, p/A,0) and then take the limit 
p/A 0. 

The one-loop expression for all the nine parameters has been obtained in 

7(1)1 -'^^ r 7(1)1 -9r ^ 



m^i&- = '^^^^. (41) 



3 ' " "^-^ ' 167r2' 

pS'^U=o = P^i=o = 4'^U=o = 0, (43) 

•(1)1 ^ •iX)\ o -(1)1 ^ 

Ps ^=0=2?", P4 U=o = -2r, p^'|^=o = --r. 
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According to (41) one finds the well known one-loop beta function {(3{g) = h^g^ + ■ ■ ■) in 



the following three ways 

bo = {pS'-lzAf'l^o = {p^'-kZ^'-Zi^%=o = i(#-24^^)l.^o = -f r. (44) 

The one- loop beta function cannot be obtained from and p^^ since they vanish to 
this order. 



3.3 Flowing couplings and resummation 

We extend to the Yang-Mills case the improved perturbation discussed in the scalar case. 
Here we limit our discussion to the one-loop improved expansion. To this end we have to 
give the effective action to zero loop (all fields with frequencies between A and Aq) 



rW[0,7; A] = j rf^xji ■ d^A^ + ■ d^c 



+ ^3a(A) id,A^) -A^AA, + gwcAW W^-A^Ac + (A^ A A,) ■ {A, A A^) , 

(45) 

where we have introduced the three flowing couplings 

^3a(A) = P3(A) , gwcA{A) = P4(A) , ^^^(A) = p^iA) , 

which are associated to the three field monomials present in the interaction terms of the 
classical Lagrangian. At one loop no other contribution will be generated (see (^)). At 
the physical point (A = and Aq — oo) one has 

fl'3A(0) = gwcAiO) = ^4a(0) = g . 

By iterating the A-RG equation once, for large A one obtains 



Za_19 ..1 .2 
'Za ~ ~3 ^ 3^ 9wcA 5 

^ = 2r g^cA 



(46) 



Z^ 

and the one-loop generalized beta function 

A<9a^3A = -- ^ g^A- -T^qIa + a^WcA + 9 rg^AQiA , 

I Za 2 

( iZa Zc\ ^ 3r„2 - /a^\ 

Ad^gwcA ^ ~ [2Y^ + Y ) ^^"^ ~ 2^w^ ~ Y^^cAfl'sA , (47) 

AdAglA = ~2 §^ sIa + y ^3A - 13 rgljlA + 10 rg^A ■ 

For A finite all terms in (|46| ) and ( ^7]) have to be multiplied by factors fi{fi/A) which are 
functions similar to /(/i/A) in (0) given by integrals over the cutoff functions. These 
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Figure 4: Plot of the one-loop running coupling as{A) and the general pattern of the flowing 
coupling a<j(A) in Yang- Mills theory as function of A//i. We use as(A) = 5'^(A)/47r and as (A) = 
52(A)/47r with a,{i2) = 03(0) = 1. 

functions vanish quadratically for A — and they tend to one for fi/A 0, apart for 
power corrections. Therefore one finds that for large A the three flowing couplings tend to 
the one-loop running coupling 

g3A{A) ^ 9wca{A) ~ ^4a(A) ^ ^(A) , (48) 

with 

As an illustration we consider the case in which all functions fi{fi/A) to be included in 
(^) and (^) are the same and given by the one obtained in the scalar case (p^). Then all 
three coupling are equal (^3a(A) = gwcA{A) = ^4a(A) = ^(A)) and satisfy the RG equation 

AdAg{A) = bog'iA) /(/i/A) , ^(0) = g . (50) 

In fig. 4 we plot the solution of this equation together with the corresponding running 
coupling g^{A) in (^Of) . For large A we have g{A) ~ g{A). By decreasing the scale the 
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power corrections in /(/i/A) start to become important and the two couplings start to 
differ. The one-loop running coupling has a Landau ghost at = /i^ e^/^og ^ ^2 rpj^^ 
ffowing coupling ^(A) instead remains finite in all range of A and reaches the physical value 
g = g{fi) at A = 0. Thus in this case, taking A = 0, we can compute the physical vertices 
without problems in the IR integration region. 



4 Conclusion 



We have studied the relation between /x-RG and A-RG , the formulations of renormalization 
group based on the two different ways of introducing the momentum scale. While in /i-RG 
the fundamental quantity is the running coupling g{k) (fixed to be g aX k"^ = /i^), in A-RG 
the natural couplings are the Wilsonian flowing couplings ^i(A) (fixed to be (7 at A = 0). 

At large scale A = k the two couplings differ only by power corrections of yu/A. This 
implies that the characteristic quantities of /i-RG formulation are obtained in the A-RG 



in the UV region of A. In particular the beta function is given by (|I9|) and (^) and is 
obtained by using the fact that ^(A) does not depend on fi for /i/A — * 0. Moreover the 
Callan-Symanzik equation, i. e. independence of /i of the physical quantities, corresponds to 
the renormalizability condition, i.e. independence of the UV cutoff Aq of physical quantities 
for Aq — >■ 00 . 

An interesting aspect of A-RG formulation is seen in the study of the problem of IR 
renormalons in non-Abelian gauge theory. We have shown that it is possible to set up an 
iterative procedure to solve the A-RG equation in such a way that one generates Feynman 
diagram contributions in which the loop momenta are ordered (A^ < k\ - ■ ■ < kj) and the 
flowing couplings at these momenta are involved. As long as A is large, one can approximate 
the flowing couplings in terms of the running coupling. This justifles the usual assumption 
that in Feynman diagrams with a virtual momentum k higher order corrections generate 
the running coupling at that scale. 

As A decreases and reaches the physical point A = one has to take into account 
that the flowing couplings differ from the running coupling at low frequencies. At low 
frequencies, where the perturbative running coupling has a Landau ghost, the flowing 
couplings are flnite all the way down to zero frequence. This allows then to perform the 
loop integration without problem in the IR region. One should observe that the fact that 
the flowing couplings are flnite in the IR region is due to the presence of power corrections 
/i^/fc^ which are typical non-perturbative contributions. 
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5 Appendix 



We recall the A-RG equations for the vertex functions in the 0^ massless scalar theory in 
the form used in the text. The cutoff vertex functions r2n(pi ■ ■ ■P2n', A, Aq) have internal 
propagators 

^AAo(g) = ^AAo(g) , (51) 
with -f^AAo (q) = 1 for A^ < < Aq and rapidly vanishing outside this region. 

From the definition of the cutoff vertices and the fact that the A-dependence is only 
inside the cutoff propagator (^) one deduces |T^-[|r^ the following A-RG equations (see 



fig. 1) (we omit to write the Aq dependence in the vertex functions) 

t,{p; A) = Dllip) - i / T,{q,p, -p, -q; A) -^^^ D],l{q) , (52) 
and ^ 

r2n(pi ■ ■ ■P2n; A) = -i / f 2n+2 (?, Pi " " " P2n, A) TT I^aIq (?) , (53) 

where the associated vertices f 2n+2 are one-particle reducible with respect to combina- 
tions of momenta including either q or —q and one-particle irreducible with respect to all 
other combinations of momenta. For instance for n = 3 one has (we omit the A and Aq 
dependence) 

f6(g,Pi---P4,-g) = r6(g,pi---P4, -g) - I]r4(g,pi,P2,Qi2) r—^—-Ti{-Qi2,P3,P4,-q) 

J- 2 WI2J 

(54) 

with Qij = q + Pi + Pj and the sum is over the six permutations of Pi,P2,P3,P4- A simpler 
form for the A-RG equations is obtained by introducing the kernel l2n+2{<l,Pi ■ ■ ■P2n, —<i) 
which is one-particle irreducible and also two-particle irreducible with respect to the two 
momenta q and —q. We have then 

^2n+2{q q)= l2n+2{q q)-\ I l2n+2{q' ?') ^.2// ^^ ^4(5, g', -g , -q) , (55) 

Jq' i2\qu^) 

where, for instance for n = 3, 

h{q,Pi ■■■Pi, -q) = h{q,Pi ■■■pa, -q) - ^4(5,^1,^2, Q12) \ S a{-Q\2,pz,pa, -q) , 

J- 2 lvi2j 

(56) 

with the sum over the permutations. 

From this equation and by using (|52D we obtain 

r2(p; A) = Dllip) + \ hiq,p, -p, -q; A) Ad^ , (57) 

and ^ 

r2n(Pl ■ ■ ■P2n; A) = i / l2n+2{q, Pi ■ ■ ■ P2n, -q] A) AOa — — . (58) 

Jq i2(,g;Aj 
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In the text we discuss in particular the equations for the relevant parameters pi(A), P2(A) 
and Z(A) 

AaA(AVi) = \ I hiq, 0, 0, -q; A) A^a ^ / , 
Z =\ dp2h{q,p, -p, -q; A) A(9a — rr , 



and ^ 

P'^^h Hq^Pi ■ ■ -^4, -g; A) A^A p^^^.^^ , (60) 



with Pi the subtraction point at the scale /i. 

The usual loop expansion is obtained by solving iteratively these equations with the ini- 
tial condition that at zero loop the vertices are given by the two-point function r2'''' {p; A) = 
-^AAo(^') ^^^^ point function Tf\pi ■ ■ ■p4]A) = g. 
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